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Abstract. A mathematical model of the 3D crane with three control inputs is given. The
time-optimal control problem is solved with the use of the variable control parameterization
method. The implementation in a real laboratory model is presented.
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1. INTRODUCTION

The 3D crane model is a complex nonlinear
dynamical system. It consists of a cart, and a payload
hanging on a lift-line. Contrary to typical setting
[1,3,6,7], movements in three dimensions are
considered [4,5]. The cart moves in a horizontal
plane: it can be shifted along a rail, which also can be
shifted in a perpendicular direction. The length of the
lift-line is independently controlled. This leads to a
tenth-order system of state equations with three
controls. The time-optimal problem is approached by
means of the Maximum Principle. The optimal
control is determined by the recently developed
method of variable control parameterization [9,2],
generalized to the case of many inputs. Results of
practical experiments are presented.

2. 3D CRANE MODEL

The schematic diagram of the crane is given in
Fig. 1. There are five measured quantities: wx
denotes the distance of the cart from the center of the
rail; wy  denotes the distance of the rail with the cart
from the center of the construction frame; R denotes
the length of the lift-line; α  denotes the angle
between the x axis and the lift-line; β  denotes the
angle between the negative direction on the z axis
and the projection of the lift-line onto the yz plane.
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Fig. 1. Forces acting in the 3D crane system

Denote also:

mc - mass of the payload
mw - mass of the cart
ms - mass of the moving rail
xc, yc, zc - coordinates of the payload
S - reaction force in the lift-line acting

on the cart
Fx - force driving the cart
Fy - force driving the rail with cart
FR - force controlling the length of the

lift-line
Tx, Ty, TR - friction forces.

An important element in the construction of
mathematical model is the appropriate choice of the



system of coordinates. The Cartesian system,
although simple in interpretation and determining the
position in space in a unique way in both directions,
is not convenient for the description of the dynamics
of rotational motion. The spherical system has
therefore been adopted. The position of the payload
is described by the angles α and β, shown in Fig. 1.
A drawback of the spherical system of coordinates is
that for every point on the x-axis, the corresponding
value of β is not uniquely determined. However, the
points on the x-axis are not attainable in real crane
systems.

The following symbols are used in the sequel
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The position of the payload is described by the
equalities

αcosRxx wc +=
βα sinsinRyy wc +=

.cossin βαRzc −=

The dynamics of the crane is given by the equations
(Fig. 1)

xcc Sxm −=!!

ycc Sym −=!!

gmSzm czcc −−=!!

xxxww STFxm +−=!!

yyywsw STFymm +−=+ !!)( ,

where Sx , Sy and Sz are the components of the force S

αcosSSx =
βα sinsinSS y =

.cossin βαSSz −=

It is assumed that the lift-line is always stretched, that
is,

0)()( >+−+− czwcywcx zSyySxxS .

As the payload is lifted and lowered with  the use of
the control force FR, we have

RR TFS −= .

After appropriate substitutions we obtain

αcos3Nxc −=!!

βα sinsin3Nyc −=!!

gNzc −= βα cossin3!!

αµ cos311 NNxw +=!!

βαµ sinsin322 NNyw +=!! .

We differentiate twice the equations which determine
the payload position, with taking into account that the
length of the lift-line R(t) varies in time due to the
action of the control force FR. The system of
nonlinear equations describing the dynamics of the
crane controlled by means of three forces has the
form
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Denote

w

w

w

yx
xxx

xx

=
==

=

3

12

1

!!

β

β
α

!!

!!

==

=
==

78

7

56

xx

x
xx

α=
==

5

34

x
yxx w!!

Rxx

Rx
!! ==

=

910

9

nn

nn

xc
xs

cos
sin

≡
≡

756109
2
8555 2 cgcxxxxscV +−=

710596586 )(2 gsxsxxcxV ++=

9
2
6759

2
8

2
57 xxcgsxxsV ++= .

It is assumed that the friction is proportional to the
respective velocity component, and so

211111 xkuxkuN w −=−= !

422222 xkuykuN w −=−= !

1033333 xkuRkuN +=+= ! .

Finally, we obtain ten state equations describing the
dynamics of the crane with varying pendulum length
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The denominator in the eighth equation includes
5sin x . When the crane operates in its real range,

then 0sin 5 ≠x .

3. OPTIMAL CONTROL PROBLEM AND
THE METHOD OF SOLUTION

The state equations of the crane can be written in the
vector notation

)())(())(())(),(()( 10 tutxftxftutxftx +==!

where 10)( R∈tx  is the state vector and 3)( R∈tu  is

the control vector. The initial state 0)0( xx =  is

given, together with the target state fx . The set of
admissible controls U consists of all right-continuous
functions 3[,0[: R→∞u  such that

 3,2,1],,[)( maxmin =∈ iuutu iii .

Following [9], we describe the main elements of the
variable control parameterization method. The only
major difference is that in our case the control
function is three-dimensional whilst it was scalar in
[9]. The time-optimal problem is transformed into a
sequence of auxiliary optimization problems. In each
of them, the auxiliary criterion depending on the
horizon [,0[ ∞∈T

qTxTxQxTxTuS ff
q +−−= ))(())((),( T

2
1       

is minimized with an appropriately chosen, fixed
value of the nonnegative parameter q. The matrix Q
is constant and 0T >= QQ . Typically, q is changed
before an exact minimum is achieved, which starts
the next problem of the sequence. An admissible
control u is time-optimal if and only if 0),(0 =TuS
with minimum T.

From the Maximum Principle it easily follows that
the optimal controls are of bang-bang form, provided
the problem is nonsingular. We thus confine our

considerations to optimal control problems with
bang-bang solutions. A bang-bang control u is fully
characterized by its initial value 3

0 R∈u  such that

},{ maxmin
0 iii uuu ∈  for i = 1,2,3, and a finite non-

decreasing sequence of switching times
[,0[)( 1 ∞⊂= =

=
imj

j
j

ii ττ  for each control component

iu . For an empty iτ , 0=im . The bang-bang control
u(t) is also denoted by ),;( 0utu τ  where

),,( 321 ττττ = . The restriction of the auxiliary
criterion to bang-bang controls defines the functional

)),,;((),,( 00 TuuSTuS qq ττ ⋅=′

with τ  being a triple of finite non-decreasing
sequences in ],0[ T .

The discrete decision variables im  and iu0 , i = 1,2,3,
are determined on the upper level of the
minimization algorithm, by the generation and
reduction procedures. On the lower level, the values
of j

iτ  and T are optimized for fixed im  and iu0  with
the use of a gradient (BFGS) method.

The adjoint function ψ  for the auxiliary problem is
determined by

ψψ ),( uxfx−∇=! ,   ))(()( TxxQT f −=ψ .

The antigradient of qS ′  w.r.t. control is given by

))(()(),()( 1T txftTuStg
tqu ψ=−∇= .            

As in [9], we define Ug , the projection of the
antigradient onto the admissible set, and the gradient
of qS′ , understood as the vector of derivatives of qS′

w.r.t. 3,2,1,,...,1, == imj i
j
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The derivatives with respect to switching times and
to the horizon are determined in a similar way as in
[8] and [9]
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4. VARIABLE PARAMETERIZATION
ALGORITHM

The scheme of the numerical algorithm is shown in
Fig. 2. In the algorithm, asymptotic optimality (with
respect to horizon) is assured by the stepwise
decrease of q. The parameter q is initialized with a
positive value, and kept fixed until the following q
update conditions are met

g
Ug ε<   and  TqT S ε<′∇

where gε and Tε  are given thresholds. When this
happens, new values: qrq , ggεr  and TTr ε  replace q,

gε , and Tε , respectively, and are in use until the q
update conditions are met again. The positive ratios

qr , gr  and Tr  are less than 1. The whole procedure
is repeated till the end of the algorithm.

The termination conditions have the form

f
g

Uf
TqT

f
S gSS εεε <<′∇< andor0

where f
Sε , f

Tε  and f
gε are required zero tolerances.

In some cases the termination conditions become
fulfilled while the horizon is too large. This may
happen when the system is driven sufficiently close
to the target state and q is small. In order to
counteract this phenomenon, the reinitialization of q
is used (see [9]). If the so-called transversality
conditions are not satisfied, the parameter q is set to a
certain value q0, sufficiently large to prevent the
algorithm from a premature termination.

The switching generation consists in choosing three
finite, non-decreasing sequences ],0[ Ti ⊂γ  of new,
additional switching times, and simultaneously
replacing 0u  with some 0u′ , },{ maxmin

0 iii uuu ∈′ ,
i = 1,2,3. This produces a new bang-bang control

),~;( 0uu ′⋅ γτ  with more switchings. This control is
a starting point for the lower level optimization
procedure with the elements of γτ ~  and T as
decision variables, where γτ ~  denotes the triple of
monotonically ordered unions of sequences iτ  and

iγ , i = 1,2,3. The following control preservation
condition is fulfilled

),;(),~;( 00 utuutu τγτ =′  [,0[ Tt ∈∀ .

Precise rules for the generation, based on the analysis
of the projection Ug  and the gradient ),,( 0 TuSq τ′∇ ,
are given in [9].

The reduction of switchings is carried out after every
iteration of optimization. For any [,0[ ∞∈T  and

3
0 R∈u , },{ maxmin

0 iii uuu ∈ , i = 1,2,3, let τ  be a
triple of finite, non-decreasing sequences of
switching times in ],0[ T  (resulting from
optimization). The switching reduction consists in
removing all switching times lying on active
constraints. This leads to transforming τ  into a triple
of finite strictly increasing sequences ω  in [,0] T ,
and replacing u0 with 0u′  in such a way that

),;(),;( 00 utuutu τω =′   [,0[ Tt ∈∀

where },{ maxmin
0 iii uuu ∈′ , ii uu 00 =′  if the number of

zero elements in iτ  is even and ii uu 00 ≠′  otherwise,
for i = 1,2,3 (see [9]). The control ),;( 0uu ′⋅ ω  is then
subject to subsequent generation tests.

START

Calculate qS ′ ,  g(t) in [0,T],

|||| Ug , qS ′∇ τ  , qT S ′∇

YES

Reinitialize q

NO

YES

STOPCheck q update conditions
and modify q accordingly

NO

Generate new switchings depending
on efficiency estimates (update τ, u0)

Update Hessian approximation or reinitialize if
required, determine search direction (BFGS),
perform constrained line search and obtain new

qS ′  value

Reduce boundary switching times
(update τ, u0)

Appr.transversality
conditions satisfied?

Termination condi-
tions satisified ?

Initialize q, τ, u0, T

Fig. 2. Variable control parameterization algorithm



5. EXPERIMENTS

5.1 Experiment 1
In the first experiment the time optimal control is
only calculated and simulated on a computer. The
following parameters are assumed:

kg1=cm , kg49.2=wm , kg09.4=sm ,
=1k 30.12048192771084 Ns/m,
=2k 11.39817629179331 Ns/m,

Ns/m753 =k ,

)015025050250500500(col0 ,,.π,.,.π,.,.,,.,x −−=

)051000500101(col ,.,,,π,.,,,,x f = .
All components of the control vector take values
from the same admissible interval ]20,20[− .

The optimal horizon calculated by means of the
variable control parameterization method is equal to
5.4 s. The optimal state trajectories are shown in
Fig. 2, and the optimal controls are given in Fig. 3,
together with the respective antigradient components.
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Fig. 4. Time-optimal trajectories for experiment 1

5.2 Experiment 2
In the second experiment the computed optimal
control was implemented in a real laboratory model
of the 3D crane [5]. A two-stage control problem is
considered. In the first stage the payload is lifted, and
the cart moves both in the x and y directions. At the
end of the first stage the payload should hang
vertically, and the cart should have zero velocity in
the x direction and a given velocity in the y direction.
Thus the system is prepared for the payload
transportation stage which is omitted in our example.
The initial and target states for the first stage are as
follows

)0,5.1,0,1.0,0,67.1,0,23.0,0,23.0(col0 −=x

)0310005012.018.0023.0(col ,.,,,π,.,,,,x f = .

In the second stage the cart has to be shifted by a
given displacement in both axes, and stopped. At the
same time the payload has to be lowered and its
oscillations damped. The initial state is equal to the
final state achieved in the first stage and the target
state is equal to

 )05100050058.000(col ,.,,,π,.,,,,x f = .

The first two components of the control vector take
values from the same admissible interval ]10,10[− ,
and the third component from [–10, 30]. The time-
optimal control calculated with the use of the
variable parameterization method is shown in Fig. 5.
This control was then fed, in an open-loop, to the
laboratory model of 3D crane. The obtained
trajectories, measured in the real system, are
presented in Fig. 6. Fig. 7 presents the differences
between the simulated trajectories and measured
ones. Note that the relative errors are small despite
the lack of feedback.
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6. CONCLUSIONS

The results show that the derived analytical
the dynamics of 3D crane can be used
synthesis of time-optimal control. The

parameterization method of dynamic optimization
proved effective also in an application to higher
dimensional nonlinear systems with many controls.
The comparison of simulated optimal trajectories
with those of the real laboratory model, optimally
controlled, indicate the possibility of real-time
implementations of time-optimal control.
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